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ABSTRACT: A new simulation method called the configurational-bias-vaporization method (CBV) is
proposed which is designed for studying phase equilibria for lattice-polymer systems. A single simulation
cell is used in this method where all polymers are introduced in the bottom portion of the cell upon
initiation. Vaporization is then carried out by randomly eliminating a chain followed by generating a
new chain through the configurational-bias method. Compositions of coexisting phases are then
determined directly. The phase-equilibrium coexistence curves for polymer systems with chain lengths
up to 200 have been obtained. Part of the results are compared with those from the test particle method
and those reported by Madden et al. Corresponding predictions by the Flory-Huggins theory and the
Freed theory have also been tested. The comparison shows that the Freed theory gives satisfactory critical
temperatures while the Flory-Huggins theory shows a large discrepancy as expected. However, both
theories give poor critical compositions.

I. Introduction

The most extensively used theory in the field of
thermodynamics for polymer systems no doubt is the
Flory-Huggins theory,1,2 which was originally derived
in the early 1940s based on a lattice model called the
Flory-Huggins lattice. A variety of modifications have
also been developed. However, most of them are based
on a simple mean-field approximation. Therefore, they
fail to describe the molecular origins of the entropic
contribution and the concentration dependence of the
experimental Flory interaction parameter. Recently,
Freed and co-workers3-5 have developed a lattice-cluster
theory which in principle is an exact solution of the
Flory-Huggins lattice. However, for practical reasons,
the infinite series with respect to coordination number,
temperature, and composition in this theory must be
truncated at a certain order. The validity of the theory
therefore should be tested by making comparison with
computer simulation results.
Methodologies for the simulation of phase diagrams

can be distinguished by two approaches, the indirect
method and the direct method. The former determines
compositions of coexistence phases indirectly from chemi-
cal potentials, while the latter determines equilibrium
compositions directly.
For calculating chemical potentials, the grand canoni-

cal Monte Carlo method6 and the Widom test particle
method7,8 are generally adopted. However, great dif-
ficulties have been met in dealing with long-chain
molecules due to the very low insertion probability.
Recently, two promising techniques appeared in the
literature, which are attractive for polymer systems. The
first one, proposed by Siepmann,9 is based on theWidom
test particle method7 as well as the Rosenbluth and
Rosenbluth growth algorithm.10 The method has fur-
ther been extended to free-space models.11,12 The es-
sentials of this method lie in a procedure to perform a
configurational-bias insertion of a test chain molecule
to calculate the chemical potential, which can be ob-
tained from the following expression:

where µr is the residual chemical potential of a chain,
W(n) is the Rosenbluth weight of the testing chain during
its growth, andUg is the interactive energy between the
chain and the rest of the system. The uncertainty of
this method increases when the chain length increases.
According to the authors, the limiting chain length is
about 20-30 segments, which is far shorter than a
normal polymer molecule.
Another method was proposed by Kumar et al.13

With the so-called modified Widom technique, the
chemical potential of chain molecules can be obtained
from the incremental chemical potential,

where Un+1
+ is the energy experienced during the

growth of an existing chain by a single segment. The
authors prove that this incremental chemical potential
is chain length independent when the chain length is
long enough (longer than about 30). The chemical
potential can thus be expressed as

where n0 is the chain-length threshold from which the
incremental chemical potential can be viewed as chain
length independent. By this method, chemical poten-
tials and phase diagrams for both lattice models and
free-space models have been obtained, with chain
lengths up to n ) 50-100.14,15 However, because the
dependence of the incremental chemical potential on
chain length for shorter chains is neglected, the results
are subject to some approximations.
Interesting progress in the calculation of chemical

potentials was made by Kumar16 using a modified real
particle method which does not need any particle
insertion. In that method, a randomly selected particle
is removed from the system and then put back into the
system near the original position. The chemical poten-
tial is determined by calculating the energy increment
during this removal and insertion operation. Although
it only treats simple atomic fluid systems at present,
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the method may be of great value when extended to
polymer systems.
As an example of the direct method, the Gibbs

ensemble17,18 developed by Panagiotopoulos et al. is a
typical and powerful one, especially when applied to
small-molecule systems. However, great difficulties are
met when applying this method to polymer systems,
especially for lattice models. First, the Gibbs ensemble
method also relies on insertions and removals of par-
ticles while the probability of a successful transfer for
a long-chain molecule is very small. Although the
problem has been partially solved by Laso, de Pablo, et
al. by the so-called continuum-configurational-bias-
Gibbs ensemble method,19 the chain length is still
limited to about 20. The other difficulty with the Gibbs
ensemble is related to the volume exchange between two
phases because of the discreteness of a lattice. Some
tricks have been proposed to solve this problem. The
typical one was proposed by Mackie et al.20 They set
the initial composition of the two cells to be at the center
point of a tie line. No volume exchange is required
because the final volume of the two phases must be the
same. However, this method requires prior knowledge
of the center point of a tie line, which is not easy to
determine in a simulation.
Madden et al.21 also report a direct method to deter-

mine the phase diagram for polymer systems. In their
method, the system is separated into two phases in a
single simulation box, with the polymer-rich phase
condensed against an adhesive wall and the conjugate
phase located at the other side of the simulation box.
The system is perturbed by a reptation and pseudoki-
netic simulation algorithm, and the latter will produce
a polydisperse sample. As is well known, the polydis-
persity will significantly affect the phase-equilibrium
behavior of polymer systems, especially near the critical
point. Some improvements have been suggested to
reduce the polydispersity in Madden’s approach, but
they increase the complexity of the algorithm dramati-
cally. Furthermore, only results for chain length r )
100 are available, which are inadequate to test theories.
Recently, Guo et al.22 proposed a so-called equal-

probability perturbation method (EPPM), which can be
used to simulate coexisting phases in a single simulation
cell with an explicit vapor-liquid interface. They
successfully obtained phase diagrams for square-well
fluids and simple Lennard-Jones fluids.
Most recently, Mackie et al.25 reported a novel simu-

lation technique, which successfully applied the Gibbs
ensemble method to the simulation of lattice polymers.
In their work, the configurational-bias method is used
to cut all the chains across a randomly selected layer
and to regrow them after a layer is added or removed.
The difficulty due to the connectivity of the polymer
chains can then be solved. However, for very long
chains, a large number of segments may be involved
during a trial move of the volume, and this may lead to
a great perturbation and a very low acceptance ratio.
Enlightened by the above progress, especially by

Madden et al., Guo et al., and Siepmann’s revised
Rosenbluth and Rosenbluth methods, in this work, we
develop a new simulation method called the configura-
tional-bias-vaporization method (CBV) for polymer sys-
tems on a Flory-Huggins lattice. Phase diagrams for
homopolymers with chain lengths up to 200 are directly
obtained in a single cell. Some of the results are
compared with those obtained from the test particle
method23 and those reported by Madden et al.21 Com-

parisons are also made with predictions from the Flory-
Huggins theory and Freed’s lattice-cluster theory. Al-
though this work deals chiefly with binary homopolymer
solutions on a lattice at present, it is expected to be of
value in calculating phase diagrams for more complex
systems, such as ternary systems, copolymers, am-
phiphiles, and free-space models.

II. Configurational-Bias-Vaporization Method

We use a single simulation cell with all the polymer
chains located at the bottom upon initiation. We then
vaporize the chains to form two coexisting phases in
equilibrium.
We consider a system composed of Np polymer mol-

ecules and Ns solvent molecules, where each polymer
molecule occupies r sites and each solvent molecule
occupies one site on a Flory-Huggins lattice. Three
types of nearest-neighbor interactions, polymer seg-
ment-polymer segment, polymer segment-solvent mol-
ecule, and solvent molecule-solvent molecule, occur.
They are represented by interaction potentials, -εpp,
-εps, and -εss, respectively. Because all of the mixing
properties of the system are solely determined by an
exchange-energy parameter defined as ε ) εpp + εss -
2εps, we set both εps and εss to zero and use εpp as the
only parameter to characterize the system. In this
respect, the solvent molecules are treated as holes, and
the incompressible polymer-solvent mixture is mapped
onto a compressible lattice-polymer system.
Simulations are carried out in a single simulation cell

whose height is much larger than its width and length.
The typical cell size is 32× 32× 256. Periodic boundary
conditions are used for all three directions. Similar to
Guo et al., all Np chain molecules are introduced into
the lower portion of the cell upon initiation, while the
upper portion is kept empty, as shown in Figure 1. To
obtain the initial configuration, we put two repulsive
walls in the simulation cell at the start, one at the
bottom of the cell and the other at the middle. Np chains
are then introduced successively into the lower part of
the cell by the Rosenbluth and Rosenbluth growth
method. Thereafter, we remove the two repulsive walls.
The chains can then move freely in the whole cell.
The procedure leading to a move of a chain is

performed as follows. First we pick a chain randomly
and eliminate it from the system. A new chain is then
generated by a configurational-bias sampling method,
which is a refined version of the Rosenbluth and
Rosenbluth growth algorithm10 revised by Siepmann.9
Unlike the pseudokinetic method used by Madden et
al., this method does not generate polydisperse samples.
The position of the new chain is randomly selected
without any relationship to the old one. If the growth
procedure is successful, the transfer is accepted at a

Figure 1. Schematic illustration of initial configuration.
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ratio of

whereWnew andWold are the Rosenbluth and Rosenbluth
weight after and before the regrowth process and ∆E is
the energy change of the system due to the chain
regrowth. If the new configuration is not accepted, the
old configuration is restored and is counted as usual.
After a great many chain moves, two coexisting

phases are gradually formed with an explicit but ir-
regular vapor-liquid interface which fluctuates ran-
domly during the simulation. The difficulty inherent
in the Gibbs ensemble method for a lattice-polymer
system, the volume exchange of the two phases, is then
avoided. The density profiles are calculated by a
histogram algorithm every 1000 Monte Carlo steps.
After equilibrium is achieved, the densities of the
coexisting phases are obtained by taking averages from
the profile directly.

III. Results and Discussion
Table 1 shows the acceptance ratios during simula-

tions at low temperatures for chain molecules with
various chain lengths. The magnitude is about 10-3-
10-4 when r varies from 32 to 200. As we usually carry
out about 109 trial moves for those long chains, around
105-106 effective moves actually take place, which is
sufficient to yield a reliable average. However, the
acceptance ratio declines dramatically as the chain
length increases. The simulation will be very difficult
when the chain length is greater than 200.
Figure 2 indicates a typical initial density profile

along the z direction produced by the initiation algo-
rithm. As we can see in the figure, the repulsive walls
produce a sharp density drop at the interface, which
facilitates the evolution of a phase-equilibrium system
thereafter. This is why we use repulsive walls rather
than attractive walls. In principle, we can use any
initial density, so long as the initial configuration is
thermodynamically unstable. However, if we set the

initial overall density near the center point of the tie
line, equilibrium can be achieved more quickly. This
center point can be guessed by some theories, such as
the Flory-Huggins theory.
Figure 3 shows a typical equilibrium density profile

for a lattice-polymer system with chain length r ) 32
at T* ) 2.5 from the simulation. Two flat compartments
in the density profile represent the two coexisting
phases in equilibrium. The higher one is for the liquid
phase, or the polymer-rich phase, while the lower one
is for the vapor phase, or the solvent-rich phase. The
compositions for coexisting phases can be obtained
directly from the figure. In this case, they are F*L )
0.60 and F*V ) 0.022, respectively. Fluctuations occur
naturally in the density profile. They become more
serious when the temperature becomes higher, espe-
cially for long-chain molecules. To alleviate those strong
fluctuations, we carry out multiple runs and take the
average of them.
Figure 4 shows simulation results for coexisting

phases of a lattice-polymer system with chain length r
) 8 obtained in simulation boxes with various sizes. No
distinct differences can be found in the results when
simulation boxes with different sizes are adopted, except
those near the critical temperature. The finite-size
effect is practically negligible if the box size is greater
than 24. The statistical error could be lower if we use
a larger simulation box with the cost of dramatically
increasing the computing time (t ∝ FL3). As a compro-
mise for both computer time and statistical efficiency,
we use a 32 × 32 × 256 box size in the remaining
portions of this work.

Figure 2. Initial density profile for r ) 32.

Table 1. Acceptance Ratios during the Simulation

r T* T*/TC
* acceptance ratio

16 2.10 0.864 0.029
32 2.10 0.769 0.003
64 2.20 0.743 0.002
100 2.50 0.812 0.002
200 2.80 0.881 0.0004

ptrans ) min(1,Wnew

Wold
exp(-â∆E)) (4)

Figure 3. Density profile for r ) 32 at T* ) 2.5.

Figure 4. Finite-size effect in simulation.
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Figures 5-7 show densities of coexisting phases with
statistical error bars for lattice-polymer systems with
chain lengths r ) 32, 64, and 200, respectively. The
statistical error exhibits a minimum at the intermediate
temperature range. It grows for both higher and lower
temperatures and has a maximum near the critical
point. The statistical error increases when the chain
length is increased.
Figure 8 compares the results of this work and those

from the test particle method for a lattice-polymer
system with chain length r ) 8. The two sets of data
coincide with each other within the error range, except
those near the critical temperature. Because a 16 ×
16 × 16 simulation box is used in the test particle

method, which is smaller than that of the present work,
the discrepancy may result from the finite-size effect.
Figure 9 compares compositions of coexisting phases

in this work and those reported by Madden et al.21 for
a lattice-polymer system with chain length r ) 100.
Data in this work are a little lower than those of
Madden et al. in the polymer-rich phase and a little
higher in the solvent-rich phase, especially near the
critical temperature. The discrepancy may result from
the polydispersity involved in Madden et al.’s work. As
mentioned by them, a polydispersity Mw/Mn ) 1.067
appears in their work.
Figure 10 summarizes all the data obtained in this

work for lattice-polymer systems with chain lengths

Figure 5. Statistical error in simulation for r ) 32.

Figure 6. Statistical error in simulation for r ) 64.

Figure 7. Statistical error in simulation for r ) 200.

Figure 8. Phase diagram for chain length r ) 8.

Figure 9. Phase diagram for chain length r ) 100.

Figure 10. Phase diagram of lattice-polymer systems with
chain length r ) 1-200.
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varies from 1 to 200. Data for r ) 1-4 are obtained
from the test particle method.23,24 The data are also
listed in Table 2. It is a systematic report of phase-
equilibrium data for lattice-polymer systems over a wide
range of chain length.
Figure 11 shows a Shultz-Flory plot of the simulated

critical temperatures as a function of chain length.
Linearity similar to that predicted by the Flory-
Huggins theory is indicated. Extrapolation gives an
estimate TC

*,∞ ) 3.45 for the critical temperature of a

polymer with an infinite molecular mass. The figure
also compares the simulation results with the predic-
tions from the Freed theory and the Flory-Huggins
theory. It is shown that the Flory-Huggins theory
gives much higher predictions of critical temperatures
as expected, while the Freed theory is much more
satisfactory, but still a little higher than the simulation
data, especially for short chain lengths. Similar to
Mackie et al.’s work,25 the discrepancies between simu-
lations and mean-field theories become slightly smaller
for longer chains.
Figure 12 is a log-log plot of the simulated critical

compositions as a function of chain length. Those
predicted by the Freed theory and the Flory-Huggins
theory are also depicted for comparison. It is shown
that the Flory-Huggins theory gives poor predictions,
which does not surprise us. However, the Freed theory
is also not very satisfactory, which produces a strangely
shaped curve with an arched segment in the chain-
length range 2 e r e 200. The curve crosses the
simulation results at r ) 100, which is by chance the
one Madden et al.21 used to do their simulation work
and to test the Freed theory. On the other hand, when
r is greater than 100, predictions of both theories
approach each other but are remarkably different from
the present simulation results. A least squares fit of
the chain-length dependence of critical compositions in
this work gives a scaling of φc ∝ r-0.27 similar to φc ∝
r-0.32 in Mackie et al.’s work,25 while the Flory-Huggins
theory gives φc ∝ r-0.5. Obviously, both Mackie et al.’s

Table 2. Phase Equilibria Data of Lattice-Polymer
Systems with Chain Length r ) 8-200

T* FV
* FL

*

r ) 8
1.40 0.002 0.91
1.60 0.010 0.87
1.70 0.016 0.84
1.80 0.028 0.80
1.90 0.047 0.75
2.00 0.079 0.69
2.05 0.104 0.64
2.10 0.158 0.58
2.11 0.172 0.55
2.12 0.210 0.52
2.13 0.240 0.47

r ) 16
2.10 0.018 0.74
2.20 0.032 0.69
2.25 0.043 0.66
2.30 0.062 0.62
2.35 0.084 0.55
2.38 0.116 0.51
2.40 0.132 0.49
2.42 0.168 0.42

r ) 32
2.00 0.0004 0.80
2.10 0.001 0.78
2.20 0.003 0.74
2.30 0.007 0.70
2.40 0.012 0.66
2.50 0.022 0.60
2.55 0.032 0.57
2.60 0.042 0.53
2.65 0.065 0.47
2.70 0.110 0.43
2.72 0.130 0.38

r ) 64
2.00 0.00001 0.77
2.20 0.0001 0.72
2.30 0.0003 0.71
2.40 0.0008 0.68
2.50 0.002 0.65
2.60 0.006 0.60
2.70 0.013 0.55
2.80 0.027 0.48
2.85 0.040 0.43
2.90 0.070 0.37
2.95 0.120 0.26

r ) 100
2.40 0.0002 0.70
2.50 0.0006 0.68
2.60 0.0016 0.62
2.70 0.0028 0.57
2.80 0.008 0.49
2.90 0.016 0.43
3.00 0.048 0.36

r ) 200
2.70 0 0.57
2.80 0.0012 0.53
2.90 0.0025 0.47
3.00 0.007 0.40
3.10 0.024 0.33
3.12 0.032 0.30
3.15 0.050 0.26

Figure 11. Comparison of critical temperature for lattice-
polymer systems from the Monte Carlo method with those
predicted by theories.

Figure 12. Comparison of critical composition for lattice-
polymer systems from the Monte Carlo method with those
predicted by theories.
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work and this work imply that more theoretical effort
is still required. Perhaps the truncation in the Freed
theory is made too soon.

IV. Conclusions
1. A new simulation method called the configurational-

bias-vaporization method (CBV) for lattice-polymer
systems is proposed. The simulation is performed in a
single cell with all chains located at the bottom upon
initiation. Vaporization is then carried out by randomly
eliminating a chain followed by generating a new chain
through the configurational-bias method. Compositions
of the coexisting phases are then determined directly.
2. The finite-size effect is studied by comparing the

results obtained from different simulation boxes with
different sizes. The effect can be neglected in the
simulations performed in this work.
3. The simulation method is also checked by compar-

ing the results with those from the test particle method
and those fromMadden et al.’s work.21 Good agreement
is achieved, if we take the statistical error and the
inherent characteristics of different simulation methods
into account.
4. Simulation results for phase equilibria of lattice-

polymer systems with chain lengths r ) 1-200 are
reported.
5. Comparison between predictions of the Flory-

Huggins theory and the Freed theory with the simula-
tion results are also presented. The Freed theory gives
satisfactory critical temperatures while the Flory-
Huggins theory shows a large discrepancy. However,
both theories give poor critical compositions.
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